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Part Ill.
Models for Regular
Language:
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Regular Expressions (RE): Definiti|on
Gist: Expressions with operators ., +, and * that
denote concatenation, union, and

iteration, respectively

Definition: Let > be an alphabet. Thregular
expression®ver2 and thdanguages they denoté¢
are defined as follows:
 [] Is a RE denoting the empty set
e £ IS a RE denotingd]}
e 3, Wherea [1 2, Is a RE denotinga}
e Letr ands be regular expressions denoting the
languages., andL, respectively; then

o (r.s) Is a RE denotingg = L, L,

e (r+s)isa RE denotingg =L, [J L,

e (r')is a RE denotingg =L,
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Regular Expressions: Example

Question:Is (s + (a.(b"))) the regular expression
overz ={a, b} ?
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Question:Is (e + (a.(b"))) the regular expression
over>={a, b} ?

¥ Is a RE overZ.

€
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Question:Is (e + (a.(b"))) the regular expression
over>={a, b} ?

¥ ¥ Is a RE overZ.

€ d
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Regular Expressions: Example

Question:Is (e + (a.(b"))) the regular expression
over>={a, b} ?

¥ ¥ Y; Is a RE overZ.

€ a b
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Regular Expressions: Example

Question:Is (e + (a.(b"))) the regular expression
over>={a, b} ?

¥ y

Is a RE over2.

\ 2
€ a b
}

(b)
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Regular Expressions: Example

Question:Is (e + (a.(b"))) the regular expression
over>={a, b} ?

¥ y

Is a RE over2.

\ 2
€ a b
}

() J—
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Regular Expressions: Example

Question:Is (e + (a.(b"))) the regular expression
over>={a, b} ?

¥ y

Is a RE over2.

€ a




3/29

Regular Expressions: Example

Question:Is (e + (a.(b"))) the regular expression
over>={a, b} ?

¥ y

Is a RE over2.

\ 2
€ a b
}
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Regular Expressions: Example

Question:Is (s + (a.(b"))) the regular expression
overz ={a, b} ?

| Is a RE overX.
o

(b’)
(a .(b*)) «—

x
| €+ (a.(b)) |
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Regular Expressions: Example

Question:Is (s + (a.(b"))) the regular expression
overz ={a, b} ?

l Is a RE overz.
o ‘

x
(e +(a.(b)))
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Regular Expressions: Example

Question:Is (s + (a.(b"))) the regular expression
overz ={a, b} ?

l. s a RE over2.
Eg i ‘

ANnswer:

(e + (a.(b))) is

(E + (a.(b"))) Se—N the RE oveE.

n
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Simplification

1) Reduction of the number of parentheses by

Precedencs: ™ > . > +

2) Expressiom.sis simplified tors
3) Expressiomr” orr'r is simplified tor*

Example:
((a.(@’)) + ((b").b)) can be written aa.a + b .b,

—

—
anda .a + b .bcan be written ag* + b*
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Regular Languag@RL)

Gist: Every RE denotes a regular language

Definition: Let L be a languaged. is aregular
language (RL) if there exists a regular express
r that denotes.

Denotation: L(r) means the language denoted by

Examples:

r,=ab+ ba denoted , = {ab, ba}

r,=ab denoted , = {a"b™ n=1, m= 0}
r,=ab(a+ b) denoted ; = {x: abis prefix ofx}

r,=(@a+b)ab(a+ b)” denoted , = {x: abis substring ok}

‘ L,, L, Ls, L,are regular languages oveik ‘
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Finite Automata (FA)

Gist: The simplest model of computation
based on a finite set of states and
computational rules

© / ®

Finite State Control

y Read head

Input tape: |[a; [ &, | ... ai‘ .l a,
—
move of head
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Finite Automata (FA)

Gist: The simplest model of computation
based on a finite set of states and
computational rules

®© / ®

Start state [|Finite State Control

|

y Read head

Input tape: |[a; [ &, | ... ai‘ .l a,
—
move of head
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Finite Automata (FA)

Gist: The simplest model of computation
based on a finite set of states and
computational rules

Final stat
‘ inal states [;
®© /@
‘ Start state HFinite State Control

y Read head

Input tape: |[a; [ &, | ... ai‘ .l a,
—
move of head




Finite Automata (FA)

Gist: The simplest model of computation
based on a finite set of states and
computational rules

6/29

Final states ‘ .. Current state
\ gw \
‘ Start state HFinite State Control

(9

Input tape:

y Read head

g

Ay

Al

a,

——
move of head
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Finite AutomataDefinition

Definition: A finite automaton (FA) Is a 5tuple:
M=(Q,2,R s, F), where
e QIs efinite set of states
> IS aninput alphabet
* Ris afinite set of rules of the form:pa - q,
wherep, g U Q,all > [ {€}
e s Qs thestart state

* F 1 QIs aset offinal states

Mathematical note on rules:
o Strictly mathematicallyR is a relation fronQ x (Z I {€}) to Q

e Instead of |p=, g), however, we write the rule as - q

* P2 —» ¢ means that withs, M can move fronp to g
o If 2 =¢, no symbol is read
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Graphical Representation

(@) denotes a statpl Q
—(©) denotes the start stes 0 Q

denotes a final staté | F

(@®—2—(@ denotepa - qOR
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Graphical RepresentatiDExampIe|

M — (Q1 Z! R1 81 F)1
where:
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Graphical RepresentatiDExampIe|

M — (Q1 Z! R1 81 F)1
where:

*Q={sp,qf}

© © O
@
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Graphical RepresentatiDExampIe|

M=(Q, 2R s F),
where:
*Q={s,p 0q, T}
> ={a, b, c}

© © O
@
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Graphical RepresentatiDExampIe|

M — (Q1 Z! R1 81 F)1
where: a

*Q={s,p,qf} O
> ={a, b, c}
e @ © O

@
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Graphical RepresentatiDExampIe|

M — (Q1 Z! R1 81 F)1
where: a

*Q={sp q,f} O
> ={a, b, c}

R={sa > s,

| 0 O
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Graphical RepresentatiDExampIe|

M — (Q1 Z! R1 81 F)1
where: a b

*Q={s,pqf}h O '
-Zi{a,b,c};
e O O

pb - p,
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Graphical RepresentatiDExampIe|

M — (Q1 Z! R1 81 F)1
where: a b

*Q={s,p,qf} O
-Zi{a,b,c}; '
R OO

pb - p,

pb - f,
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Graphical RepresentatiDExampIe|

M=(Q, 2R s F),
where:
*Q={s,p 0q, T}
> ={a, b, c}
R={sa > s,

S - P

pb - pv

pb - f,

s -0




9/29

Graphical RepresentatiDExampIe|

M=(Q, 2R s F),
where:
*Q={s,p 0q, T}
> ={a, b, c}
R={sa > s,

S - P

pb - pv

pb - f,

s -0

qC — q1
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Graphical RepresentatiDExampIe|

M=(Q, 2R s F),
where:
*Q={s,p 0q, T}
> ={a, b, c}
R={sa > s,
S - P
pb - P,
pb - f,
s -0
qC — q1
qc - f,
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Graphical RepresentatiDExampIe|

M=(Q, 2R s F),
where:
*Q={sp 0T}
> ={a, b, c}
R={sa > s,
S - D
pb - P,
pb - f,
s -0
qC - q1
gc - T,
fa - T}




9/29

Graphical RepresentatiDExampIe|

M=(Q, 2R s F),
where:
*Q={sp 0T}
> ={a, b, c}
R={sa > s,
S - D
pb - P,
pb - f,
s -0
qC - q1
gc - T,
fa - T}
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Graphical Representatloﬁxample|
M=(Q,2, RS F),
where:
*Q={sp:0q T}
> ={a, b, c}
R={sa > s,

S - P,

pb — pv

pb - f,

s -0,

qC - q1

gc - f,

fa - f}
+F={f}
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Tabular Representation

e Columns:
e Rows:

e First row:
e Underscored: Final states

Member of2 [ { €}
States 0Q
The start state

a

€

t(p, a)

I—|:

t(p, &) = fqi pa - g

R}
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Tabular RepresentatioExamp@

M — (Q1 Z! R1 81 F)1
where:
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Tabular RepresentatioExamp@

M — (Q1 Z! R1 81 F)1
where:

*Q={sp,q,f}

1O |T | W;w
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Tabular RepresentatioExamp@

M=(Q, 2R s F),
where:

*Q={sp qf} i
> ={a, b, ch

1O |T | W;w
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Tabular RepresentatioExamp@

M=(Q, 2R s F),
where:

*Q={sp qf} i
> ={a, b, ch

1O |T | W;w
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Tabular RepresentatioExamp@

M=(Q, 2R s F),
where:
*Q={spq T}
> ={a, b, ch

HpEEREEREE Ry

I N I I O b
LI ] o
Ll jd]jLd)om

1O |T | W;w
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Tabular RepresentatioExamp@

M=(Q,2,RSsF),

where:
*Q={s,p 0T}
e > ={a, b, c} 15}

R={sa - s,

Q
HpEEREEREE Ry

LI ] o
Ll jd]jLd)om

1O |T | W;w
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Tabular RepresentatioExamp@

M=(Q,2,RSsF),

where:
*Q={s,p,q,f} a | bl c e
«>={a, b, c}; s | {s} | 1| {p}
*R={sa -5 ol 0| o|ofoc
> - b gl O | 0| O|C
i | 0O i i i
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Tabular RepresentatioExamp@

M=(Q,2,RSsF),

where:

+Q={s,p qf} a | bl c | e

«>={a, b, c}; s| {s | O 1| {p}

*R={sa-s ol O || 0| C
S — b g| O N - -
pb — p, | O 0 i i
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Tabular RepresentatioExamp@

M=(Q,2,RSsF),

where:

+Q={s,p, 0} a | bl c | e

«>={a, b, c}; s| {s | O 1| {p}

*R={sa - s o| O [{p.f}| O | C
S - D, — - - =
pb - p, —— ————
pb R .:’ || | ] |
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Tabular RepresentatioExamp@

M=(Q,2,RSsF),

where:

*Q={s,p,q,f} a | b lc e

> ={a, Db, c}; s|{s | O - |{p, q}

*R={sa - s o| O [{p.f}| O | C
> — P 0 | o | o | C
pb - p, ? = - — -
pb R £ || || ||

S—>C|




M — (Q1 Z! R1 Sv F)1
where:

*Q={sp 0T}

> ={a, b, ch

R={sa > s
S - P
pb - p,
pb - 1,
S -
gc - q,

11/29

Tabular RepresentatioExamp@

a b C €
s|{s [ O U H{p a}
P 1 ({p,f} O |
q| L O ) {ap | O
f | O [] [ B
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Tabular RepresentatioExamp@

M=(Q,2, RS F),
where:
+Q={s,p 0} a | bl c | e
> ={a,b,ck s{is | O | O [pa
R={sa - s, p|l O [pf}| O B
S - P, gl O | 0 Waf} C
EE:]P il C 5 5 i
s -0,
gc - Q;
qc - T,




M — (Q1 Z! R1 81 F)1
where:

*Q={spq T}
> ={a, b, ch
R={sa > s
S - P,
pb_’p1
pb - f,
s -G,
qC—’q,
qc - f,
fa - T}
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Tabular RepresentatioExamp@

a b C €
s|{st [ UL 1 {p o}
p| O K{p,f}| O |
q| O O [{q,f}| O
f|{f}y | O i i




M — (Q1 Z! R1 81 F)1
where:

11/29

Tabular RepresentatioExamp@

a b C €
s|{st [ UL 1 {p o}
p| O K{p,f}| O |
q| O O [{q,f}| O
f|{f}y | O i i
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Tabular RepresentatioExamp@
M=(Q %, R s F),
where:
*Q={s,p.q,f} a1l blclce
> ={a,b,c s{{s | O [ O |{p.q}
R={sa > s p| O [{pf} O B
Sbﬁp’ gl O | O [qf}| C
b PSR I B
S -
gc - g
qc - T,
fa - T}
«F={f}
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Configuration

Gist: Instance description of FA

Definition: LetM = (Q, 2, R, s, F) be a FA.
A configuration of M is a stringx [1 Q"

@ 4/l’| Current state}
@¥ "W
© / @

Finite State Control

Input tape: y Read head
| & a,

D




12/29

Configuration

Gist: Instance description of FA

Definition: LetM = (Q, 2, R, s, F) be a FA.
A configuration of M is a stringx [1 Q"

Finite State Control

@ 4/l’| Current state}

IN

put tape:

Read head

&g

A

D

a,
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Configuration

Gist: Instance description of FA

Definition: LetM = (Q, 2, R, s, F) be a FA.
A configuration of M is a stringx [1 Q"

Finite State Control

@ 4/l’| Current state}

IN

Hut tape: v

Read head

g

A

g

a,

—
Configuration |/
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Move

Gist: Computational step of FA

Definition: Letp xandgx be twoconfigurations
of M, wherep, g O Q, > [ {e},andx 0",
Let =p - gL RbearuleThenM makes a
move from p X to gx according tc, written as

D X|—-ox[ ]Jor, simply,p X|-0x

Note: If 2 =€, no input symbol is read

Configuration: @|_| X, |
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Move

Gist: Computational step of FA

Definition: Letp xandgx be twoconfigurations
of M, wherep, g O Q, > [ {e},andx 0",
Let =p - gL RbearuleThenM makes a
move from p X to gx according tc, written as

D X|—-ox[ ]Jor, simply,p X|-0x

Note: If 2 =€, no input symbol is read

Configuration: @|_| X, |

Rule: pa - @
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Move

Gist: Computational step of FA

Definition: Letp xandgx be twoconfigurations
of M, wherep, g O Q, > [ {e},andx 0",
Let =p - gL RbearuleThenM makes a
move from p X to gx according tc, written as

D X|—-ox[ ]Jor, simply,p X|-0x

Note: If 2 =€, no input symbol is read

Configuration: @|_|
Rule: pa - q 1/// //

New configuration: @\
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Sequence of Moves 1/2
Gist: Several consecutive computational steps

Definition: Let X be a configurationV makesg
zero moves from x to x; In symbols

X |-° X [€] or, simply,x |-° X

Definition: Let Xq, X4 -..,X, b€ a sequence df
configurationsn=1, andy;, |-X;[rl, rnOR
foralli =1, ...,n; that is
Xo =X [rd [=X2[r2] - |=Xn [Fal
ThenM makesn moves from X, to X,
Xo ‘_n Xn [rl"' rn] of, Simply’XO ‘_n Xn
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Sequence of Moves 2/2

If Xo [-" X, [P] for somen = 1, then

Xo |=" XnlPl.
It Xo [-" X, [P] for somen = 0, then
Xo |- XnlPl

Example: Consider

pabc |- gbc [1: p2 - ], andgbc |-rc[2: gb - r].
Then, nabe |-2re[1 2],
pabe |- rc[1 2],
nabe |- re[1 2
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Accepted Language

Gist: M acceptsw if it can completely readw
by a seguence of moves fromto a
final state

Definition: LetM=(Q, 2, R, s, F) be a FA

Thelanguage accepted by M, L(M), Is defined

as:

L(M) ={w:wO %", sw|- f, fOF}
M=(Q, 2, R s F):
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Accepted Language

Gist: M acceptsw if it can completely readw
by a seguence of moves fromto a
final state

Definition: LetM=(Q, 2, R, s, F) be a FA

Thelanguage accepted by M, L(M), Is defined

as:

L(M) ={w:wO %", sw|- f, fOF}
M=(Q, 2, R s F):
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Accepted Language

Gist: M acceptsw if it can completely readw
by a seguence of moves fromto a
final state

Definition: LetM=(Q, 2, R, s, F) be a FA

Thelanguage accepted by M, L(M), Is defined

as:

L(M) ={w:wO %", sw|- f, fOF}
M=(Q, 2, R s F):

S48 8y |=0hdp--- 8y |= .- |=GnaBy |-G
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Accepted Language

Gist: M acceptsw if it can completely readw
by a seguence of moves fromto a
final state

Definition: LetM=(Q, 2, R, s, F) be a FA

Thelanguage accepted by M, L(M), Is defined

as:

L(M) ={w:wO %", sw|- f, fOF}
M=(Q, 2, R s F):

S8 =38 |~ - =018y =0,
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Accepted Language

Gist: M acceptsw if it can completely readw
by a seguence of moves fromto a
final state

Definition: LetM = (Q, 2, R, s, F) be a FA
Thelanguage accepted by M, L(M), Is defined
as:

L(M) ={w:wO %", sw|- f, fOF}

M=(Q, 2, R s F): if 9,0 Fthen [OL(M);
/ otherwise, [ L(M)

S8 =38 |~ - =018y =0,
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FA: Example 1/3

M=(Q, 2, R, s, F), where:
Q={sqh 2={a, b, R={sa - q,qb - s}, F={s}
Questior: ab L1 L(M) ?

Finite Automaton M

Finite State Control:
b Current Configuration.

=

‘j Read head
alb sab

Input tape:
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FA: Example 2/3

M=(Q, 2, R, s, F), where:
Q={sa} 2={a, b}, R={sa-q,db - s}, F={s}
Questior: ab L1 L(M) ?

Finite Automaton M
Finite State Control:

)@ Current Configuratiory:
b

Inputtape: |a | b sab|—qb
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FA: Example 3/3

M=(Q, 2, R, s, F), where:
Q={sqh 2={a, b, R={sa - q,qb - s}, F={s}
Questior: ab L1 L(M) ?

Finite Automaton M

Finite State Control:
b Current Configuration.

I

y Read head
Input tape: [a | b sab|-gb|-s
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FA: Example 3/3

M=(Q, 2, R, s, F), where:
Q={sqh 2={a, b, R={sa - q,qb - s}, F={s}
Questior: ab L1 L(M) ?

Finite Automaton M

Finite State Control:
b Current Configuration.

Answer:
YES, ab U L(M),
v Read head because [ F

e L

Input tape: [a | b sab|-gb|-s
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Equivalent Models

Definition: Two models for languages, such
as FAs, are equivalent if they both specify the
same languag

Example:
M,:

080

Question Is M, equivalent tdM,, ?

M.
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Equivalent Models

Definition: Two models for languages, such
as FAs, are equivalent if they both specify the
same languag

Example:
M,:

080

Question Is M, equivalent tdM,, ?

M.

Answer: M, andM,, are equivalentbecause
L(M,) =L(M,) ={a" n=0}
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Conversion of RE to FA: Basics 1/5

Gist: Algorithm that converts any RE to an
equivalent FA (lex in UNIX).

* ForaRET = [J, thereis an equivalenFA M.

Proof: My —(®)

* For a RE =¢, there Is an equivalent FM, .

Proof: M,: —'@ =

e ForaR [12, there Is an equivalent BA . .

Proof: M. :
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RE to FA: Concatenation 2/5

e Letr be a RE ovek andM. = (Q,, 2, R, s, {f/}) be
an FA such that(M,) =L(r).

e Lett beaRE overz ancM, = (Q,, 2, R, s, {f}) be
an FA such thatt(M,) =L(t).

* Then, for the RE.t, there exists an equivalent B\ ,

Proof: LetQ, n Q,= 0.
Construction:
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RE to FA: Concatenation 2/5

e Letr be a RE ovek andM. = (Q,, 2, R, s, {f/}) be
an FA such that(M,) =L(r).

e Lett beaRE overz ancM, = (Q,, 2, R, s, {f}) be
an FA such thatt(M,) =L(t).

* Then, for the RE.t, there exists an equivalent B\ ,

Proof: LetQ, n Q,= 0.
Construction:

M= (QUQy2, RUR

M. : M.:

-@& 0| €0
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RE to FA: Concatenation 2/5

e Letr be a RE ovek andM. = (Q,, 2, R, s, {f/}) be
an FA such that(M,) =L(r).

e Lett beaRE overz ancM, = (Q,, 2, R, s, {f}) be
an FA such thatt(M,) =L(t).

* Then, for the RE.t, there exists an equivalent B\ ,

Proof: LetQ, n Q,= 0.
Construction:

M= (QUQy2, RUR

@0 |@&W
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RE to FA: Concatenation 2/5

e Letr be a RE ovek andM. = (Q,, 2, R, s, {f/}) be
an FA such that(M,) =L(r).

e Lett beaRE overz ancM, = (Q,, 2, R, s, {f}) be
an FA such thatt(M,) =L(t).

* Then, for the RE.t, there exists an equivalent B\ ,

Proof: LetQ, n Q,= 0.
Construction:

M= QUQ, 2, RUR U1l - s,

OO EERO==0,
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RE to FA: Concatenation 2/5

e Letr be a RE ovek andM. = (Q,, 2, R, s, {f/}) be
an FA such that(M,) =L(r).

e Lett beaRE overz ancM, = (Q,, 2, R, s, {f}) be
an FA such thatt(M,) =L(t).

* Then, for the RE.t, there exists an equivalent B\ ,

Proof: LetQ, n Q,= 0.
Construction:

M= QU Q2 RUR U{l - s} s,

L@ D@D
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RE to FA: Concatenation 2/5

e Letr be a RE ovek andM. = (Q,, 2, R, s, {f/}) be
an FA such that(M,) =L(r).

e Lett beaRE overz ancM, = (Q,, 2, R, s, {f}) be
an FA such thatt(M,) =L(t).

* Then, for the RE.t, there exists an equivalent B\ ,

Proof: LetQ, n Q,= 0.
Construction:

M= QU Q2 RUR Ut - s} s, 11}

L@ 0@ 0
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RE to FA: Concatenation 2/5

e Letr be a RE ovek andM. = (Q,, 2, R, s, {f/}) be
an FA such that(M,) =L(r).

e Lett beaRE overz ancM, = (Q,, 2, R, s, {f}) be
an FA such thatt(M,) =L(t).

* Then, for the RE.t, there exists an equivalent B\ ,

Proof: LetQ, n Q,= 0.
Construction:

M= @QUQu2, RUR Ul — s} s, {1})
M,
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RE to FA: Union 3/5

e Letr be a RE ovek andM,. = (Q,, 2, R, s, {f.}) be
an FA such that(M,) =L(r).

e Lettbe RE ovez ancM, = (Q,, 2, R, s, {f}) be
an FAsuch that.(M,) =L(t).

* For a REr +1, there exists an equivalent B4,

Proof: LetQ, n Q,=0,s,f 0Q. Q.
Construction
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RE to FA: Union 3/5

e Letr be a RE ovek andM,. = (Q,, 2, R, s, {f.}) be
an FA such that(M,) =L(r).
e Lettbe RE ovez ancM, = (Q,, 2, R, s, {f}) be
an FAsuch that.(M,) =L(t).
* For a REr +1, there exists an equivalent B4,

Proof: LetQ, n Q,=0,s,f 0Q. Q.

Construction
Mr+t — (QI‘

O

Q

{s f}, 2,

ROR

@
Eo3

@
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RE to FA: Union 3/5

e Letr be a RE ovek andM,. = (Q,, 2, R, s, {f,}) be
an FA such that(M,) =L(r).
e Lettbe RE ovez ancM, = (Q,, 2, R, s, {f}) be
an FAsuch that.(M,) =L(t).
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RE to FA: Iteration 4/5

e Letr be a RE ovek andM, = (Q,, 2, R, s, {f.}) be
an FA such that(M,) =L(r).
 For the REr", there existsn equivaler FAM,.

Proof:. Lets, f0Q,.
Construction:
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e Letr be a RE ovek andM, = (Q,, 2, R, s, {f;}) be
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Proof. Lets fOQ..
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RE to FA: Completion 5/5

 Input:

RET overx

e Qutput: FAM such that(r) =L(M)

* Method:
 From “inside” of r, repeatedly use the next
rules to constructM:

e fOr
e for
e fOr

\

RE U, construct FAM
RE €, construct FAM,

> — (See 1/5)

REa Ll 2, construct FM,, |

* let for REsr andt, there already exist FAd, and
M,, respectivelythen,

e for REr + t, construct

o for RET.t, construct FAM,, (see 2/5)

FAM, ., (see 3/5)

o for REr” construct FAM.. (see 4/5)
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RE to FA: Example 1/3

Transform RE = ((ab) + (cd))” to an equivalent FM
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RE to FA: Example 2/3
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RE to FA: Example 2/3
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RE to FA: Example 2/3
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RE to FA: Example 2/3
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RE to FA: Example 3/3
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RE to FA: Example 3/3
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For RE
b + cd:

RE to FA: Example 3/3

For a final RHab + cd)™: ’

M b+ oy
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Models for Regular Languagels

Theorem: For every RE, there is an FM
such that.(r) = L(M).

Proof is based ¢ theprevious algorithn

Theorem: For every FAM, there Is an RE
such that.(M) = L(r).

Proof. See page 210 in [Meduna: Automata and Languages]

Conclusion: The fundamental models for

regular languages are
1) Regular expressions 2) Finite Automata




